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Abstract
Let K be a number ﬁeld, K an algebraic closure of K and E/K an elliptic curve deﬁned
over K. Let GK be the absolute Galois group Gal(K/K) of K over K. This paper proves that
there is a subset  ⊆ GK of Haar measure 1 such that for every  ∈ , the spectrum of 
in the natural representation E(K) ⊗ C of GK consists of all roots of unity, each of inﬁnite
multiplicity. Also, this paper proves that any complex conjugation automorphism in GK has
the eigenvalue −1 with inﬁnite multiplicity in the representation space E(K)⊗ C of GK .
© 2005 Elsevier Inc. All rights reserved.
MSC: primary 11G05
1. Introduction
Let K be a number ﬁeld, K an algebraic closure of K and E/K an elliptic curve
deﬁned over K. Let GK be the absolute Galois group Gal (K/K) of K over K. Then,
E(K)⊗C as a C-vector space is an inﬁnite dimensional “generic” representation space
of GK . This paper considers the spectrum of elements of GK .
First, we show that the action of every  ∈ GK on E(K) ⊗ C is diagonalizable,
with all eigenvalues roots of unity. Then it is natural to ask which elements in GK
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have every root of unity as an eigenvalue and what can be the multiplicity of each
eigenvalue.
For the eigenvalue 1, we have the following results from [1,4,3].
Theorem 1. For a number ﬁeld K and an elliptic curve E/K over K, we have the
following:
(1) For any positive integer m, there is a subset  ⊆ GmK := GK × · · · ×GK︸ ︷︷ ︸
m times
with Haar
measure 1 such that for any (1, . . . , m) ∈ , the eigenvalue 1 of (1, . . . , m) in
the natural representation E(K)⊗ C of GmK has inﬁnite multiplicity.
(2) For any complex conjugation automorphism  ∈ GK , E(K) has inﬁnite rank.
Hence for any complex conjugate automorphism  ∈ GK , the eigenvalue 1 of  in
the natural representation E(K)⊗ C of GK has inﬁnite multiplicity.
(3) If 2-torsion points of E/K are K-rational, then for every  ∈ GK , the eigenvalue
1 of  in the natural representation E(K)⊗ C of GK has inﬁnite multiplicity.
(4) If E/K has a non-trivial K-rational point which is neither 2-torsion nor 3-torsion,
then for every  ∈ GK , the eigenvalue 1 of  in the natural representation E(K)⊗C
of GK has inﬁnite multiplicity.
(5) If K = Q, then without any hypothesis on rational points of E/Q, for every
 ∈ GQ, the eigenvalue 1 of  in the natural representation E(Q)⊗C of GQ has
inﬁnite multiplicity.
Proof. See [1] for (1), [4] for (2)–(4) and [3] for (5). 
This paper considers nth roots of unity for any integer n2 as eigenvalues of ele-
ments in GK and proves that for almost all elements of GK , the eigenspace associated
to every nth root of unity is inﬁnite dimensional. Here “almost all” is in the sense of
the Haar measure deﬁned on the Borel ﬁeld of GK .
If we consider complex conjugation automorphisms in GK as a special case, then
they have possibly 1 and −1 as eigenvalues on E(K)⊗C. In [4] as in (2) of Theorem 1,
it is shown that every complex conjugation automorphism has inﬁnite multiplicity of
1 on E(K)⊗C. Here we prove that every complex conjugation automorphism in GK
has eigenvalue −1 with inﬁnite multiplicity on E(K)⊗ C as well.
2. Inﬁnite multiplicity of eigenvalues, nth roots of unity for n2
In this section, we consider the eigenvalues of elements of GK in the representation
E(K) ⊗ C. First of all, we show that elements of GK are diagonalizable and all
eigenvalues are roots of unity.
Lemma 2. Let V be a ﬁnite or inﬁnite dimensional complex vector space. Suppose
T : V → V is a linear transformation satisfying the following: for every v ∈ V , there
is a ﬁnite dimensional subspace W ⊆ V such that v ∈ W , T (W) ⊆ W and T |W is
diagonalizable on W. Then, T is diagonalizable on V.
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Proof. For every v ∈ V , there exists a ﬁnite dimensional subspace W of V containing
v and T |W is diagonalizable on W. So v is spanned by eigenvectors of T |W . Therefore,
V is spanned by eigenvectors of T and T is diagonalizable. 
Now, we consider a possibly inﬁnite dimensional representation E(K)⊗C of GK .
Lemma 3. The action of every element  ∈ GK on the representation space E(K)⊗C
is diagonalizable and all of its eigenvalues are roots of unity.
Proof. Let  ∈ GK . First, we show that  satisﬁes the hypothesis in Lemma 2. Let
P ∈ E(K) ⊗ C. Then P =
n∑
i=1
Pi ⊗ ci for some ci ∈ C and Pi ∈ E(K). For each i,
there is a ﬁnite Galois extension Li of K such that Pi ∈ E(Li). Let L = L1L2 · · ·Ln.
Then L is a ﬁnite Galois extension of K and P ∈ E(L)⊗C. Consider E(L)⊗C as a
subspace of E(K)⊗C. By the Mordell–Weil theorem, E(L)⊗C is a ﬁnite dimensional
subspace. Since  acts on E(K) as a Galois automorphism of coefﬁcients of points in
E(K), (E(L)) ⊆ E(L), hence (E(L)⊗ C) ⊆ E(L)⊗ C.
Moreover,  on E(L) ⊗ C is a Galois automorphism |L of L over K and |nL =
idL where n = [L : K]. So the minimal polynomial of  on E(L) ⊗ C divides
the polynomial xn − 1 whose zeros are nth roots of unity, each with multiplicity
one. Therefore, E(L) ⊗ C is generated by eigenvectors of roots of unity. Hence, by
Lemma 2,  is diagonalizable in the representation E(K) ⊗ C with roots of unity as
eigenvalues. 
Let n2 be an integer. Let Sn be the symmetric group on n letters. Denote the
n-fold product of E by En. Naturally, Sn acts on En by permutation. Let  : En → E
be the map deﬁned by the sum of coordinates of an n-tuple. Then identify En−1 with
Ker() consisting of n-tuples of elements in E which sum to O. Sn still acts on
En−1Ker() by the nontrivial induced permutation action.
The following lemma gives the structure of the quotient space En−1/Sn of En−1
by Sn.
Lemma 4. For each n2, Sn admits a nontrivial action on the (n − 1)-fold product
En−1 of E. And the quotient space En−1/Sn of En−1 by Sn is isomorphic to the
(n− 1)-dimensional projective space Pn−1.
Proof. Let Sn act on En by permutation of coordinates. Let  : En → E be deﬁned
by the sum of coordinates map. Then Sn acts on Ker()En−1 by the nontrivial
induced permutation action; the quotient of En−1 by Sn is the set of effective divisors
on E of degree n and linearly equivalent to n(O), that is, the complete linear system
of n(O). By the Riemann–Roch Theorem [2, Chapter IV, Theorem 1.3], the complete
linear system of n(O) is isomorphic to the (n−1)-dimensional projective space, Pn−1.
Therefore, the quotient space En−1/Sn is isomorphic to Pn−1. 
Let f ∈ K(t1, . . . , tm)[X1, . . . , Xn] be a polynomial with coefﬁcients in the
quotient ﬁeld K(t1, . . . , tm) of K[t1, . . . , tm] which is irreducible over K(t1, . . . , tm).
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We deﬁne
HK(f ) = {(a1, . . . , am) ∈ Km | f (a1, . . . , am,X1, . . . , Xn) is irreducible over K}
be the Hilbert set of f over K. Note that number ﬁelds are Hilbertian, in other words,
every Hilbert set over a number ﬁeld is nonempty. In fact, any Hilbert sets are inﬁnite.
We will need the following three lemmas later.
Lemma 5. Let L be a ﬁnite separable extension of K and let f ∈ L(t1, . . . , tm)
[X1, . . . , Xn] is an irreducible polynomial over the quotient ﬁeld L(t1, . . . , tm). Then,
there exists a polynomial p ∈ K[t1, . . . , tm,X1, . . . , Xn] such that p is irreducible over
K(t1, . . . , tm) and HK(p) ⊆ HL(f ).
Proof. For a given irreducible polynomial f ∈ L(t1, . . . , tm)[X1, . . . , Xn], by [5, Chap-
ter 11, Lemma 11.6], there is an irreducible polynomial q ∈ K(t1, . . . , tm)[X1, . . . , Xn]
such that HK(q) ⊆ HL(f ). By [5, Chapter 11, Lemma 11.1], there is an irreducible
polynomial p ∈ K[t1, . . . , tm,X1, . . . , Xn] which is irreducible over K(t1, . . . , tm) such
that HK(p) ⊆ HK(q). Hence the Hilbert set HL(f ) of f over L contains the Hilbert
set HK(p) of p over K. 
Lemma 6. Let 0 < a < 1 be a real number. Choose any real number c with a < c < 1.
Then, for any given  > 0, there exists an integer N such that for all mN ,
(1− am)m > 1− cm,
where N depends on  and c.
Proof. First, by induction on m, we can show that for every positive m and for 0 <
x < 1,
(1− x)m > 1−mx.
Hence we get
(1− am)m1−mam for all positive integer m.
For a given real number c such that a < c < 1, lim
m→∞m(
a
c
)m = 0. Therefore, for
a given  > 0, there is an integer N such that for all mN , m(a
c
)m < . Hence
mam < cm, for all mN . So (1− am)m1−mam > 1− cm, for all mN . 
Lemma 7. Let E/K be an elliptic curve over a number ﬁeld K. Let d be a positive
integer 2. Suppose {Li/K}∞i=1 is an inﬁnite sequence of linearly disjoint ﬁnite Galois
extensions over K whose degrees [Li : K] are d and {Pi}∞i=1 is an inﬁnite sequence
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of points in E(K) such that for each i, Pi ∈ E(Li) but Pi /∈ E(K). Then, there is an
integer N such that {Pi}iN is a sequence of linearly independent non-torsion points
of E.
Proof. By [7, Lemma], the set S = ⋃
[L:K]d
E(L)tor is a ﬁnite set, where the union
runs all over ﬁnite extensions L of K whose degree over K is d. So there is a ﬁnite
extension F of K over which all points of S are deﬁned and there is an integer n such
that nP = O, for all P ∈ S. Let n be such a ﬁxed integer and let T be the set of all
points P of E(K) such that nP ∈ E(K). Then, since E(K) is ﬁnitely generated by the
Mordell–Weil Theorem, there is a ﬁnite extension F ′ of K over which all points of T
are deﬁned. Then, all but ﬁnitely many ﬁelds Li in the given sequence {Li/K}∞i=1 are
linearly disjoint from F and F ′ over K. This implies that there is an integer N such
that points Pi for all iN are non-torsion points in E(Li). And by linear disjointness
of ﬁelds Li , F and F ′ over K, we have that for all iN ,
E(Li) ∩ S ⊆ E(K)tor and E(Li) ∩ T ⊆ E(K).
Note that since each Pi /∈ E(K) and the ﬁelds Li are linearly disjoint over K, we have
that for any integer mN and for each i such that N im, there is an automorphism
i ∈ GK such that i |Lj = idLj for all Nj = im, but i (Pi) = Pi . Moreover, we
may choose such a i that i (Pi) − Pi is not a torsion point. In fact, otherwise, for
every restriction i |Li ∈ Gal (Li/K) of i to the ﬁeld Li , i |Li (Pi) − Pi is a torsion
point in E(Li). Hence,
i |Li (Pi)− Pi ∈ E(Li) ∩ S ⊆ E(K)tor.
Then, n(i |Li (Pi) − Pi) = O so i |Li (nPi) = nPi , for all i |Li ∈ Gal (Li/K). This
implies nPi ∈ E(K), hence this shows that Pi ∈ T ∩E(Li) ⊆ E(K) which contradicts
the assumption that Pi /∈ E(K). Hence, we conclude that for each i such that N im,
there is an automorphism i ∈ GK such that i |Lj = idLj for all Nj = im, but
i (Pi)− Pi is a non-trivial and non-torsion point of E.
Let mN be a given positive integer. Suppose that for some integers ai ,
aNPN + aN+1PN+1 + · · · + amPm = 0.
By the claim in the above, for each i = N,N + 1, . . . , m, there is an automorphism
i ∈ GK such that i |Lj = idLj for all 1j = im but i (Pi) − Pi is a non-trivial
and non-torsion point of E. Now we apply such i to get
aNPN + aN+1PN+1 + · · · + ai−1Pi−1 + aii (Pi)+ ai+1Pi+1 + · · · + amPim = 0.
So by subtracting, we get ai(Pi − i (Pi)) = 0, which implies ai = 0. Hence any
non-torsion points in {Pi}iN are linearly independent. 
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Proposition 8. Let K be a number ﬁeld. Then, for any integer n2, there exists an
inﬁnite sequence {Li/K}∞i=1 of linearly disjoint ﬁnite Galois extensions of K such thatfor each i, Gal (Li/K) is isomorphic to Sn and there is a Gal (Li/K)-submodule
Mi ⊆ E(Li)⊗ C which is isomorphic to the (n − 1)-dimensional irreducible quotient
of the permutation representation of Sn by the trivial representation via the natural
isomorphism Gal (Li/K)Sn and any non-torsion points Pi ∈ E(Li) for each i such
that Pi ⊗ 1 ∈ Mi are linearly independent.
Proof. Let  : En−1 → En−1/Sn be the quotient map by Sn. By Lemma 4, since
En−1/SnPn−1, the function ﬁeld of the quotient space En−1/Sn is K(x1, . . . , xn−1),
where x1, . . . , xn−1 are purely transcendental indeterminates over K. Let K(En−1)
be the function ﬁeld of En−1. Then  realizes K(En−1) as a Galois extension of
K(x1, . . . , xn−1) with Galois group isomorphic to Sn. By the theorem of the primitive
element, there exists t ∈ K(En−1) such that K(En−1) = K(x1, . . . , xn−1, t) and
gmt
m + gm−1tm−1 + · · · + g1t + g0 = 0,
where gi ∈ K(x1, . . . , xn−1). Let f ∈ K(x1, . . . , xn−1)[y] be the minimal polynomial
of t over K(x1, . . . , xn−1). Then, since the ﬁeld K(x1, . . . , xn−1, t) is linearly disjoint
from K(x1, . . . , xn−1) over K(x1, . . . , xn−1), f is absolutely irreducible over K.
Now we identify En−1 with the (n − 1)-dimensional Q-irreducible quotient of the
permutation representation of Sn by the trivial representation as follows: let V be the
(n − 1)-dimensional irreducible quotient of the permutation representation of Sn and
V ∗ the dual of V. Then, V is isomorphic to V ∗ as Sn-modules, since it is a ﬁnite
dimensional rational representation. Let Sn act on E⊗V only through V. Deﬁne E⊗V
to be the abelian variety representing the functor S → E(S) ⊗Z V , where S is any
scheme over the ground ﬁeld and E(S) is the functor of points associated to E. Then,
as an abelian variety, E ⊗ V is just En−1.
By [7, Lemma], the set ⋃
[L:K]n!
E(L)tor is a ﬁnite set, where the union runs all over
ﬁnite extensions L of K whose degree over K is n!. Let F be a ﬁnite ﬁeld extension of
K over which all points of
⋃
[L:K]n!
E(L)tor are deﬁned. Since f is absolutely irreducible
over K, f is irreducible over any ﬁnite extensions of K. Applying Lemma 5 and [5,
Lemma 12.12] to f over F, we can choose (a1, . . . , an−1) ∈ HF (f ) where ai ∈ K such
that the specialization (x1, . . . , xn−1) → (a1, . . . , an−1) preserves the Galois group Sn
and there is a point q1 of En−1 in the preimage −1([1 : a1 : · · · : an−1]) of [1 : a1 :
· · · : an−1] ∈ Pn−1 under  which is deﬁned over a ﬁnite Galois extension L1 of K with
Gal (L1/K)Sn. Then, q1 generates a Sn-submodule of E(L1). In fact, evaluation at
q1 ∈ En−1E⊗V gives a Q[Sn]-linear map hq1 : Hom K(E⊗V,E)⊗Q→ E(L1)⊗Q.
Since f (a1, . . . , an−1, y) is irreducible over F, two extensions L1 and F are linearly
disjoint over K. So for any non-zero  ∈ Hom K(E⊗V,E)⊗Q, hq1() are not torsion
points of E(L1)⊗Q. As a composition with the inclusion V ∗ ↪→ Hom K(E⊗V,E)⊗Q
is non-zero and VV ∗ as Sn-modules, E(L1) ⊗ Q contains a copy of V, say M1.
Then, M1 is a Gal (L1/K)-submodule of E(L1)⊗Q isomorphic to V via the natural
isomorphism Gal (L1/K)Sn.
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Suppose that inductively, we have found linearly disjoint Sn-Galois extensions L1,
L2, . . . , Lk of K and for each i = 1, 2, . . . , k, a Gal (Li/K)-submodule Mi ⊆ E(Li)⊗C
isomorphic to V as a Sn-module via the natural isomorphism Gal (Li/K)Sn. Applying
Lemma 5 and [5, Lemma 12.12] to f over the composite ﬁeld FL1L2 · · ·Lk , there is
(b1, . . . , bn−1) ∈ HF (f ) where bi ∈ K such that the specialization (x1, . . . , xn−1) →
(b1, . . . , bn−1) preserves the Galois group Sn and there is a point qk+1 of En−1 in
the preimage −1([1 : b1 : · · · : bn−1]) of [1 : b1 : · · · : bn−1] ∈ Pn−1 under 
which is deﬁned over a ﬁnite Galois extension Lk+1 of K with Gal (Lk+1/K)Sn.
Since f (b1, . . . , bn−1, y) is irreducible over FL1L2 · · ·Lk , the ﬁeld extensions Lk+1
and FL1L2 · · ·Lk are linearly disjoint over K, hence the ﬁelds L1, . . . , Lk+1 and F
are all linearly disjoint from each other over K. Then, similarly as we have shown in
the base case of our induction in the above, qk+1 generates a Gal (Lk+1/K)-submodule
Mk+1 of E(Lk+1) ⊗ Q which is isomorphic to V as Sn-modules. So we have shown
that there exists an inﬁnite sequence {Li/K}∞i=1 of linearly disjoint ﬁnite Galois ex-
tensions of K such that for each i, Gal (Li/K) is isomorphic to Sn and there is a
Gal (Li/K)-submodule Mi ⊆ E(Li)⊗ C isomorphic to V via the natural isomorphism
Gal (Li/K)Sn.
For each i, any non-torsion point Pi ∈ E(Li) such that Pi⊗1 ∈ Mi is not deﬁned over
K, since Mi as a Gal (Li/K)-module is isomorphic to the irreducible representation V
of Sn via the natural isomorphism Gal (Li/K)Sn. Then, by Lemma 7, we can exclude
only ﬁnitely many i so that we may assume that non-torsion points Pi ∈ E(Li) for all
i1. So Pi ⊗ 1 ∈ Mi for all i1 are linearly independent. 
Note that GK is a proﬁnite group. So we can deﬁne a Haar measure  on the Borel
ﬁeld of GK such that (GK) = 1 in a unique way. We complete  by adjoining to the
Borel ﬁeld all the subsets of measure 0 and denote the completion also by .
Our main theorem is the following.
Theorem 9. Let E/K be an elliptic curve over a number ﬁeld K. Then for any positive
integer n2 and any root of unity n, there exists a subset  ⊆ GK of Haar measure 1
such that for every  ∈ , the eigenvalue n of  has inﬁnite multiplicity in E(K)⊗C.
Proof. Let n2 be an integer and n, an nth root of unity. By Proposition 8, for any
large integer N, we can ﬁnd N2 linearly disjoint Galois extensions Li of K with Galois
groups Gal (Li/K)Sn and for each i = 1, . . . , N2, there is a Gal (Li/K)-submodule
Mi of E(Li)⊗ C which is isomorphic to the (n− 1)-dimensional irreducible quotient
of the permutation representation of Sn by the trivial representation via the natural
isomorphism Gal (Li/K)Sn. Note that if  acts on Mk for some k as an n-cycle in
Sn, then since any n-cycle in Sn has the characteristic polynomial xn − 1,  has an
eigenvalue, n over C.
For 1 i, jN , let
Ti,j = { ∈ GK |  acts on the Sn-module M(i−1)N+j as an n-cycle}.
For a subset A of GK , we denote the complement of A in GK by Ac.
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Then, for each 1 iN , let
Ui =
N⋂
j=1
[Ti,j ]c and VN =
N⋂
i=1
[Ui]c =
N⋂
i=1
N⋃
j=1
Ti,j .
Then Ui is the set of elements  ∈ GK such that none of the modules M(i−1)N+j for
1jN give  the eigenvalue, n. And its complement [Ui]c is the set of elements
 ∈ GK such that at least one of the module, M(i−1)N+j for some 1jN gives 
the eigenvalue, n.
Let  ∈ VN . Then for all 1 iN , there is j such that M(i−1)N+j gives  the
eigenvalue, n and contains a non-torsion point Pi as a n-eigenvector. These N points
Pi are linearly independent by Proposition 8. Hence VN is a set of the  ∈ GK which
has the n-eigenspace of dimension at least N.
Let  : GK → Gal (L(i−1)N+j /K) be the surjective homomorphism deﬁned by re-
striction. Recall that Gal (L(i−1)N+j /K)Sn. Let Cn be the set of all n-cycles with
cardinality (n − 1)! as a subset of Sn. Then by the deﬁnition, Ti,j = −1(Cn) =
(n−1)!⋃
k=1
−1(xk), where xk ∈ Cn. Each −1(xk) is a coset of the open set, Gal (K/
L(i−1)N+j ) as an open neighborhood of xk . Therefore, Ti,j =
(n−1)!⋃
k=1
xk · Gal (K/
L(i−1)N+j ).
Let  be the Haar measure on the Borel ﬁeld of GK . Since (n−1)! number of open
neighborhoods, xk ·Gal (K/L(i−1)N+j ) of xk are all disjoint, the Haar measure (Ti,j )
of Ti,j is

(
Ti,j
) = (n− 1)! (Gal (K/L(i−1)N+j )) = (n− 1)!
n! =
1
n
.
Since the ﬁelds Li are linearly disjoint for 1 i, jN , we get
(VN) = 
(
N⋂
i=1
[Ui]c
)
=
N∏
i=1
(1−  (Ui)) =
N∏
i=1

1− N∏
j=1
(1− (Ti,j ))


=
(
1−
(
1− 1
n
)N)N
.
Let  = { ∈ GK |  has an inﬁnite dimensional n-eigenspace}. Then by Lemma 6,
for any given  > 0 and c such that 1 − 1
n
< c < 1, there is an integer N such that
for all mN,
(Vm) =
(
1−
(
1− 1
n
)m)m
> 1− cm.
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Let m,k = N+ k−1, for all positive integer k. Since c < 1, we have ckcm,k , for
all k1. Hence, we have found an inﬁnite sequence {m,k}∞k=1 such that for all k1,
(Vm,k ) > 1− cm,k 1− ck.
Then we get

( ∞⋂
k=1
Vm,k
)
> 1−
∞∑
k=1
ck = 1− c
1− c .
Note that for any given  > 0,  ⊇
∞⋂
k=1
Vm,k , since for each k, every element
 ∈ Vm,k has the n-eigenspace of dimension at least m,k . In particular, for  = 1/l
for all integers l1, this holds. Hence we have
 ⊇
∞⋃
l=1
( ∞⋂
k=1
Vm 1
l
,k
)
and
1
(∞⋃
l=1
( ∞⋂
k=1
Vm 1
l
,k
))

( ∞⋂
k=1
Vm 1
l
,k
)
> 1−
(
c
1− c
)(
1
l
)
,
for all integers l1. Since lim
l→∞
(
1−
(
c
1−c
) ( 1
l
)) = 1, we have

(∞⋃
l=1
( ∞⋂
k=1
Vm 1
l
,k
))
= 1.
So  contains a subset of Haar measure 1. Since  is complete,  is a -measurable
set with Haar measure 1 and every  ∈  has an inﬁnite dimensional n-eigenspace.
This completes the proof. 
Corollary 10. Let E/K be an elliptic curve over a number ﬁeld K . Then there is a
subset  ⊆ GK of Haar measure 1 such that for every  ∈ , the spectrum of  in
E(K)⊗ C consists of all roots of unity, each of inﬁnite multiplicity.
Proof. By Theorem 1 (1) and Theorem 9, for each n1, there exists a subset n ⊆ GK
of Haar measure 1 such that every  ∈ n has inﬁnite multiplicity of nth roots of unity
on E(K)⊗ C.
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Let  =
∞⋂
n=1
n. Then,  has Haar measure 1 and every  ∈  has inﬁnite multiplicity
of all roots of unity on E(K)⊗ C. 
Remark 11. Not every automorphism  ∈ GK has every root of unity in its spectrum.
As easy examples, the identity automorphism clearly has no root of unity in its spectrum
except 1 and any complex conjugation automorphisms (if K is totally real) will only
have ±1 as eigenvalues in its spectrum.
For  ∈ GK , GK is isomorphic to the closure 〈〉 of the subgroup 〈〉 ⊆ GK
generated by  in the sense of the Krull topology. By the Artin–Schreier Theorem or
[4, Lemma 3.7],
Gal (K/K)
∏
p∈S
Zp or Z/2Z,
where S is a set of prime integers.
Then, for  ∈ GK generating a non-torsion subgroup of GK , and for any positive
integer n such that (n, p) = 1 for all p ∈ S, the map  → n is an automorphism of
〈〉. Therefore, K = Kn . In other words, for a point P ∈ E(K), n(P ) = P implies
(P ) = P . For such an integer n,  cannot have the eigenvalue, e2	i/n in E(K)⊗ C.
3. Inﬁnite multiplicity of the eigenvalue −1 of complex conjugation
automorphisms in GK
In Remark 11 of Section 2, we have seen that  ∈ GK generating a non-torsion
subgroup of GK may not have all roots of unity as their eigenvalues on E(K) ⊗ C.
In this section, we consider elements  ∈ GK which generate a non-trivial torsion
subgroup of GK , that is, we consider complex conjugation automorphisms in GK
and prove that any complex conjugation automorphism has inﬁnite multiplicity of the
eigenvalue −1 on E(K)⊗ C.
Lemma 12. Let K be a number ﬁeld and 1, . . . , m be a family of real embeddings
of K. For i = 1, 2, . . . , k, let fi(x, y) ∈ K[x, y] be irreducible polynomials over K(x).
Let HK(fi) be the Hilbert set of fi over K. Then
(
k⋂
i=1
HK(fi)
)
∩

 m⋂
j=1
−1j (I )

 = ∅,
for any open interval I in R.
Proof. Since K is a ﬁnite separable extension of Q, by Lemma 5, there exist irreducible
polynomials Fi(x, y) ∈ Q[x, y] such that for each i = 1, 2, . . . , k, the Hilbert set
HQ(Fi) of Fi over Q is contained in the Hilbert set HK(fi) of fi over K.
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Let I be an open interval in R. Since
k⋂
i=1
HQ(Fi) is dense in Q by [6, Chapter 9,
Corollary 2.5], and Q is dense in R,
(
k⋂
i=1
HQ(Fi)
)
∩ I is not empty. Hence there is

 ∈
(
k⋂
i=1
HQ(Fi)
)
∩ I . Since
k⋂
i=1
HQ(Fi) ⊆
k⋂
i=1
HK(fi), we have 
 ∈
k⋂
i=1
HK(fi). On
the other hand, for each real embedding j of K, we have j |Q = idQ. Hence for all
j = 1, 2, . . . , m, j (
) = 
 ∈ I . Hence 
 ∈
m⋂
j=1
−1j (I ). Therefore, 
 ∈
(
k⋂
i=1
HK(fi)
)
∩
(
m⋂
j=1
−1j (I )
)
. 
Theorem 13. Let E/K be an elliptic curve over a number ﬁeld K and  ∈ GK .
Then, any complex conjugation automorphism  ∈ GK has inﬁnite multiplicity of the
eigenvalue −1 on E(K)⊗ C.
Proof. For a complex conjugation automorphism  ∈ GK , there exists a real embedding
 such that (K) ⊆ R∩K , by [4, Lemma 4.3]. Note that for any element  ∈ K such
that () < 0, we have (
√
) = −√, since otherwise, (√) = √, then √ ∈ K
and 0 < ((
√
))2 = () < 0 which is a contradiction.
Let y2 = g(x) = x3 + ax + b, for a, b ∈ K be a Weierstrass equation of E/K .
Then there is  ∈ R such that for all x < , g(x) = x3 + (a)x + (b) < 0. Let
I = (−∞, ) be the open interval of all real numbers which are less than . Let
f (x, y) = y2 − g(x). Then f is an absolutely irreducible polynomial in K[x, y] and
f is irreducible over K(x). Let HK(f ) be the Hilbert set of f over K. Note that the
restriction |K of  to K is a real embedding of K.
By Lemma 12, there is an element x1 ∈ HK(f ) ∩ (|K)−1(I ). Then, since (g(x1))
is negative, (
√
g(x1)) = −√g(x1). Let K1 = K(√g(x1)). Then since f (x1, y) is
irreducible over K, K1 is a quadratic extension of K and |K1 = idK1 .
As a Hilbert set of a ﬁnite extension of K always contains some Hilbert set of
K [6, Chapter 9, Proposition 3.3], we can therefore iteratively construct an inﬁnite
sequence {xi}∞i=1 of elements in K and an inﬁnite sequence {Ki/K}∞i=1 of linearly
disjoint quadratic extensions of K such that Ki = K(√g(xi)).
For each i, let
Pi =
(
xi,
√
g(xi)
)
∈ E(Ki).
Then, Pi /∈ E(K), since √g(xi) /∈ K . And for each i, (Pi) = −Pi , since
|Ki (
√
g(xi)) = −√g(xi). By Lemma 7, there is an integer N such that {Pi}iN
is an inﬁnite subsequence of linearly independent non-torsion points of E. Hence the
inﬁnite sequence {Pi⊗1}iN generates an inﬁnite dimensional eigenspace in E(K)⊗C
of the eigenvalue −1 of  ∈ GK . 
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